ABSTRACT. Let G be a finite group.
In this note, we prove some theorems, one of which is similar to Thompson's normal p-complement theorem [8] and the others are generalizations of Thompson's theorem regarding solvability of finite groups [9] .
For simplicity we write X G Np, which means the finite group X has a normal p-complement for a prime p. Our other notations are standard and follow [5] . THEOREM 1. Let G be a finite group and P G Sylp(G). IfVLi(P) < Z(P) and NG(P), CG{Z(P)) g Np, then G G NP.
PROOF. Let G be a counterexample of minimal order of the theorem. Then we deduce a contradiction step-by-step. 1 . Opi(G) -1 by the minimality of \G\. 2 . Op(G) ,¿ 1, since otherwise we would have Nq{Pi) < G for each subgroup of Pi of P and Ng(Pi) G Np. In fact, we have a series of subgroups NG(Pi), NaiPi), ---, NG(P), ■-., NG(P), where Pi+1 G Sylp{NG(Pi)). Now suppose NG(Pi) Í Np but NG{P) G Np. There is some ¿o such that Ng{Pí0) <£ Np while Ng{Pí0 + i) G Np. Then we have íMp*"+i) < fii(P) < z(P) < z(pt0+1), cG(z(P0+1)) < cG(z(P)) g np.
p"+1 e W^Wo)),
This forces P = M. Now we conclude CG{Z{P)) = P, for otherwise CG{Z{P)) = GgNp. 5. Since fii(P) < Z[P) < Z{H), fii(P) = fii(Z(P)) = Hi(Z(ii)) < G. Thus G = {PG) = CG(fii(Z(P))) = CG{Hi{Z{H))). Let Q G Sy\q{G), where prime q t¿ p and (J / 1. Then Q acts trivially on ni(Z(i/)) and thus Q acts trivially on Z(H) by Theorem 5.2.4 of [5] . Hence we have Q < CG{Z{H)) < CG{Z(P)) = P.
This is a contradiction and the theorem is proved.
COROLLARY 2. Let G be a finite group and P G Sylp(G). If ÜX(P) < Z(P) and NG(Z{P)) G Np, then G G Np.
PROOF. Since Z(P)charP, NG{P),CG{Z{P)) < NG(Z{P)), and so NG{P), CG(Z(P)) G Np. Then G G Np by Theorem 1. COROLLARY 3. Let G be a finite group with a maximal subgroup M which is nilpotent and P G Syl2(M). Ifü2{P) < Z(P), then G is solvable.
PROOF. First of all we prove a lemma. LEMMA 1. If P is a p-group with Ü2(P) < Z{P), then n2(P/z(P)) < z(p/z(p)).
PROOF OF THE LEMMA. In fact, we should prove [x,P] < Z(P) for each x G P such that x4 G Z{P). Set Px = P, P¿+i = [P,P], i = 1,2,.... thus [x,y}4 = 1 and so [x,y] G Z(P), that is [x,P¿] < Z(P), i =1,2,_Especially [x, P] < Z(P). The lemma is proved. Now we prove Corollary 3. Clearly NG(Z(P)) > M by the nilpotency of M. If NG{Z{P)) = M, then P 6 Syl2(G), for otherwise M < NG{P) < NG{Z(P)). However fii(P) < fi2(P) < Z{P). Thus from Corollary 2,GgN2 and G is solvable by the odd order theorem [4] .
If NG{Z(P)) > M, Z{P) < G. Then from Lemma 1, G/Z{P) satisfies the condition of the corollary. We conclude G/Z(P) is solvable by induction on |G| and so is G. This completes the proof of the corollary. Clearly our Corollary 3 generalizes Thompson's solvability theorem [9] . There are many other generalizations.
In this paper, we mention two of them. In [1] , it is proved that if a solvable group A acts on a finite group G which has a nilpotent maximal A-invariant subgroup M with an abelian Sylow 2-subgroup, then G is solvable. In [2] , it is proved that if a finite group G has a nilpotent maximal subgroup M which has a Sylow 2-subgroup P with the property that each noncyclic subgroup of P containing Z(P) is normal in P, then G is solvable. The latter result implies that if G has a nilpotent maximal subgroup M with a Sylow 2-subgroup P, the class of which does not exceed 2, then G is solvable. This is the earlier theorem of Deskins-Janko [6] . We can unify these results. For this purpose, we first prove the following lemma.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use LEMMA 2. LetP G Syl2(G). IfNG{Pi)/CG{Pi) is a 2-group for each noncyclic subgroup Pi of P containing Z(P), then G G N2.
PROOF. Let Pi be a nonidentity subgroup of P containing Z(P). If Pi is cyclic, NG(Pi)/CG{Pi) is a 2-group. If Pi is not cyclic, A^PO/CgÍPi) is also a 2-group by the hypothesis. Thus G G N2 by Theorem 3 of [3] . THEOREM 4. Let G be a finite group on which a solvable group A acts. If G has a nilpotent maximal A-invariant subgroup M which has a Sylow 2-subgroup P with the property that each noncyclic subgroup Pi of P containing Z[P) is A-invariant and normal in P, then G is solvable.
PROOF. If P < G, then M/P is a maximal A-invariant subgroup of G ¡P. Thus Thus G/L is solvable and so is G. This proves the theorem.
THEOREM 5. Assume that a finite group A acts on a finite group G and G has a maximal A-invariant subgroup M which is nilpotent. Let P G Syl2(M). If each noncyclic subgroup P\ of P which contains Z(P) is A-invariant and normal in P and one of the following conditions is satisfied, then G is solvable.
(1) G has an A-invariant Sylow q-subgroup Q/l for some prime q G n{G) -7t(M).
(2)(|A|,|G:M|) = 1.
PROOF. We first suppose that condition (1) is satisfied. If M = 1, then A acts irreducibly on G. Thus G = Q and G is certainly solvable.
If M ^ 1 and M has an A-invariant subgroup K normal in G, then M/K is a maximal A-invariant subgroup of G/K. Clearly we have Z(P)K/K < Z(PK/K) and PK/K ~ P/P n K.
This implies that Pi is noncyclic and contains Z(P) for each noncyclic subgroup PiK/K of PK/K containing Z(PK/K).
Thus Pi is A-invariant and normal in P by hypothesis. So P\K/K is A-invariant and normal in PK/K; G/K is solvable by induction. Then G is solvable. (2) is satisfied. Then A acts on an |A|'-group R. If M = 1, A acts on an |A|'-group G. By Theorem 7.7 of [7] , G is an elementary abelian group. If m ^ 1, G has an A-invariant Sylow q-subgroup Q contained in R by Theorem 7.6 of [7] , where q £ n(M). Thus condition (1) is satisfied and so G is solvable. This completes the proof of the theorem.
If we put A = 1, then Theorems 4 and 5 will reduce to the result of [2] , If we set P as an abelian group, then Theorem 4 will reduce to the result of [1] .
